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Abstract
This paper is devoted to deriving global Carleman estimate for a one-dimensional
linear coupled parabolic system ofm equations with bounded variations (BV)
diﬀusion coeﬃcients. This kind of estimate is a generalization of the scalar result (Le
Rousseau in J. Diﬀer. Equ. 233:417-447, 2007). The key ingredient is to derive a global
Carleman estimate for piecewise-C1 diﬀusion coeﬃcients based on the construction
of a suitable weight function. The Carleman estimate in the case of BV diﬀusion
coeﬃcients is then obtained using the approach of BV diﬀusion coeﬃcients by
piecewise-constant coeﬃcients. This Carleman estimate is used to show the
observability inequality which yields the controllability result.
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1 Introduction and notations
In this paper we deal with one-dimensionalm coupled parabolic equations with bounded
variations (BV ) diﬀusion coeﬃcients.
Let  = (, ) ⊂ R be a one-dimensional bounded domain, and we assume that T > .
Let us consider the following notations: Q = × (,T),  = {, } and  =  × (,T).
For m ≥  given, we denote by Aj = –∂x(kj∂x) the elliptic operator formally deﬁned on





, j = , . . . ,m.
The diﬀusion coeﬃcients kj = kj(x) (j = , . . . ,m) are assumed to be of BV and satisfy the
following.
Assumption .
 < kj,min ≤ kj ≤ kj,max <∞, j = , . . . ,m.
© 2014 Ramoul; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly credited.
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A  · · · 
 A
...
... . . . 





The domain ofA is given by D(A) :=∏mj=D(Aj).




∂ty +Ay = Ly + F in Q,
y(x, ) = y(x) in ,
(.)
where y(·, t) = (yj(·, t))≤j≤m ∈ D(A) for y = (y,j)≤j≤m ∈ H , L = (ajk(x, t))≤j,k≤m ∈
(L∞(Q))m and F = (fj(x, t))≤j≤m ∈ (L(Q))m for all t ∈ (,T).
Let us observe that, under Assumption ., for each y ∈ H and F ∈ (L(Q))m, system
(.) admits a unique weak solution y ∈ L((,T); (H())m)∩ C([,T];H) (see, e.g., []).
Themain goal of this paper is to prove a global Carleman estimate for the operator ∂t +A
with an interior observation region ω × (,T), where ω is a non-empty open subset of 
and such that kj are of class C on ω.
The Carleman estimate for piecewise regular diﬀusion coeﬃcients is established by
Doubova et al. in []. In this work, the authors considered a scalar parabolic equation.
They obtained observability inequality and controllability results by adding assumption
on the monotonicity of the coeﬃcient (i.e., the observability is supported in the region
where the diﬀusion coeﬃcient is the lowest). To obtain these results, the authors intro-
duced a non-smooth weight function β , assuming that it satisﬁes the same transmission
condition as the solution of a parabolic equation. An inverse problem for such a parabolic
equation was studied in []. In the same direction, we can also cite the work [] of Bellas-
soued and Yamamoto which is devoted to determining a source term using the Carleman
estimate established in []. In , a new Carleman estimate was established by Ben-
abdallah et al. [] for the one-dimensional heat equation with a discontinuous diﬀusion
coeﬃcient. In this work the authors relaxed the monotonicity assumption on the diﬀu-
sion coeﬃcient by constructing a speciﬁc non-smooth weight function β . This function
β satisﬁes suitable trace properties depending on the jumps of the derivatives of β at the
singular points of the diﬀusion coeﬃcient. In higher dimensions (n≥ ), Le Rousseau and
Robbiano in [] showed that the monotonicity assumption on the diﬀusion coeﬃcients
can be relaxed and the observation region can be chosen independently of the jump’s sign
of the diﬀusion coeﬃcient. In the sameway, we cite thework [] about Carleman estimates
in stratiﬁed media. In [], Le Rousseau generalized the results obtained in [] for the case
of bounded variations diﬀusion coeﬃcient (BV ). In Le Rousseau’s paper, the author con-
structed a limit weight function as he approached BV coeﬃcient by piecewise-constant
coeﬃcient. However, the relaxation of the monotonicity condition in the case of bounded
variations diﬀusion coeﬃcient in any dimension n≥  remains open.
For the ﬁrst time, a Carleman-type estimate with one observation in parabolic systems
was introduced by Ammar Khodja et al. [, ] where the authors used this estimate to
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establish observability inequality and deduce a controllability result by one control force.
We also refer to [, ] for this kind of works. In paper [], Cristofol et al. obtained a new
Carleman-type estimate with one observation acting on a subdomain ω of Rn (n≤ ) for
a ×  reaction-diﬀusion system. They used this estimate for simultaneous identiﬁcation
of one parameter and initial conditions. We also cite the article [], which represents an
improvement of the work []. It is about determining two coeﬃcients by observation data
of only one component in a nonlinear  ×  parabolic system. In the same direction, we
can cite the works [, ].
If the observation region ω is replaced by γ ⊂ , the Carleman estimate with (m–) ob-
servations for a system of m (m≥ ) coupled parabolic equations remains an open ques-
tion.
In the same way, we cite the recent work [] about an inverse problem for a one-
dimensional coupled parabolic system (two equations) with discontinuous conductivities
(assumed to be L∞). The paper [] is devoted to proving the stability result using the Car-
leman estimate (with the observation of only one component) based on an adequate choice
of weight function which is the same for each equation of a parabolic system. However,
the authors needed additional assumptions on this Carleman weight function, and the
method that was developed is completely diﬀerent with respect to the approach obtained
in our paper.
Roughly speaking, the aim of our paper is to extend the results obtained in [] to the
case ofm coupled parabolic equations. One of the main diﬃculties in extending the scalar
result comes from the fact that the weight function β has to be chosen the same for each
equation and depends on the jumps of diﬀusion coeﬃcients. Moreover, since the jump
discontinuities may be located at diﬀerent points for the diﬀusion coeﬃcients kj ( ≤ j ≤
m), this created an additional diﬃculty to ﬁnd our weight function.
The major novelty of our work is to prove a global Carleman estimate (withm observa-
tions) in the case of BV diﬀusion coeﬃcients kj (≤ j≤m) for the operator ∂t +A. In a ﬁrst
step, we derive a global Carleman estimate (withm observations) in the case of piecewise-
C diﬀusion coeﬃcient. The main result, in this case, is Lemma ., where we prove the
existence of a suitable weight function for m coupled parabolic equations in the case of
piecewise-C coeﬃcients. By comparison with [], the idea in the proof of Lemma . lies
in the fact that we have used adapted choices (more general) (see formulas (.) and (.))
for checking the trace property (.) in the case of m coupled parabolic equations. These
choices are used later for constructing a function β (see formulas (.) and (.)) in the
case of BV diﬀusion coeﬃcients. The property (.) is needed to relax the condition of the
monotonicity of the diﬀusion coeﬃcients. In a second step, we follow the method devel-
oped in []. Formulas (.) and (.) yield an explicit expression of an approached weight
function βε that converges to a weight function β (see Lemma .). The function βε allows
us to establish a Carleman-type estimate (withm observations) associated to the operator
∂t – ∂x(kj,ε∂x) with kj,ε ( ≤ j ≤ m) piecewise constants that converge to the BV diﬀusion
coeﬃcients kj in L∞-norm. At the end, we pass to the limit for each term in the Carleman
estimate that holds for the operator ∂t – ∂x(kj,ε∂x) as ‖kj,ε – kj‖L∞ goes to zero.We then ob-
tain the Carleman estimate for the operator ∂t +A with a relaxation of the monotonicity
of BV diﬀusion coeﬃcients kj.
To our knowledge, the weight Carleman function and its proof in our work has not been
proposed in the literature review.
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The article is organized as follows. In Section , we derive a Carleman estimate with m
observations in the case of piecewise-C diﬀusion coeﬃcients. In Section , we prove a
Carleman estimate with m observations in the case of BV diﬀusion coeﬃcients. Finally,
Section  is devoted to giving important comments and applications of our results on
controllability for some parabolic systems.
2 Global Carleman estimate with ‘m observations’ in the case of piecewise-C1
diffusion coefﬁcients
In this section, we generalize the Carleman estimate obtained in [] to a parabolic system.
Weprove here a global Carleman estimate in the case of piecewise-C diﬀusion coeﬃcients
for a system of m coupled parabolic equations with an interior observation region ω ×
(,T), where ω is a non-empty open subset of . In order to establish this estimate, we
use similar arguments to those in [] and [] for constructing a suitable weight function in
a subdomain of R, which allows us to relax the monotonicity on the diﬀusion coeﬃcients.
The results obtained in this section are then used in the next section (the case of BV
diﬀusion coeﬃcients).
Let i = , . . . ,n –  and j = , . . . ,m. Let a, . . . ,an– with  = a < a < a < · · · < an– <
an = .
We note :i = [ai,ai+], S = {a, . . . ,an–},′ =\S,Q′ =′ × (,T), and ST = S× [,T].
Let us consider system (.) formulated with the transmission conditions (TC) on ST




yj(a–i ) = yj(a+i ), i = , . . . ,n – , j = , . . . ,m,
kj(a–i )∂xyj(a–i ) = kj(a+i )∂xyj(a+i ), i = , . . . ,n – , j = , . . . ,m.
(TC)
The diﬀusion coeﬃcients kj (j = , . . . ,m) are assumed here to be piecewise-C such that
kj|i ∈ C(i) (i = , . . . ,n – ) and satisfy Assumption ..













(ai,kj);ai is a point of discontinuity of kj
}
. (.)
Remark . If (ai,kj) ∈ 
c, the transmission conditions (TC) are then automatically sat-
isﬁed.
We shall now prove the main result of this section. It concerns the construction of a
suitable weight function.
Lemma . Let ﬁxed p ∈ {, . . . ,n – } such that (ap,ap+) . Let ω  ω  (ap,ap+) be
a non-empty open set. Then there exists a function β˜ ∈ C() such that
β˜|i ∈ C(i), i = , . . . ,n – ,
β˜ >  in , β˜ =  on ,
β˜ ′|[ap ,ap+] =  in [ap,ap+] \ ω,
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β˜ ′|i = , i ∈ {, . . . ,n – }, i = p,
∂xβ˜ >  on the left-hand side of ωo, ∂xβ˜ <  on the right-hand side of ωo,





) ≥ α‖u‖, i = , . . . ,n – , (.)
with u = (u,u)t , u,u ∈R and the matrices Ai(kl) are deﬁned by
Ai(kl) =
(
[β˜ ′]ai β˜ ′(a+i )[klβ˜ ′]ai




, i = , . . . ,n – ,
where [ρ]ai = ρ(a+i ) – ρ(a–i ) and β˜ ′ = ∂xβ˜ .
Proof In the case of one equation (m = ), the proof of the existence of such a function β˜ is
established in [] and []. However, in our case (m coupled equations), the main diﬃculty
is to ﬁnd β such that the trace property (.) is satisﬁed for all l ∈ {, . . . ,m}.









>  ∀l ∈ {, . . . ,m}. (.)











β˜ ′(a+i )( –Xi) kl(a–i )(β˜ ′(a+i ))(Yi,l –Xi)






















If β˜ ′(a+i ) >  (respectively, β˜ ′(a+i ) < ), [β˜ ′]ai >  is equivalent to Xi <  (respectively, Xi > ).
Consequently, we have:
For i≤ p (on the left-hand side of ω): (.)⇐⇒  < Xi <  and PYi,l (Xi) > ,
∀l ∈ {, . . . ,m}. (.)
For i > p (on the right-hand side of ω): (.)⇐⇒ Xi >  and PYi,l (Xi) > ,
∀l ∈ {, . . . ,m}. (.)
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We assume here that the coeﬃcients Yi,l (l ∈ {, . . . ,m}) cannot be smooth simultaneously
at the same point (i.e., Yi,l = ⇒ Yi,l′ =  for l = l′ and ﬁxed i ∈ {, . . . ,n – }).
For the ﬁrst case (i≤ p), we are going to prove that
Xi =

 + max≤j≤m{| Yi,j – |}
(.)
satisﬁes (.).
We note L– := {l ∈ {, . . . ,m};Yl < }, L+ := {l ∈ {, . . . ,m};Yl > } with Yj = Yi,j and X = Xi.
We have then the following cases:
. L– = ∅. In this case, we have X = max≤j≤m{Yj}max≤j≤m{Yj}– . Then, for l, l′ ∈ {, . . .m}, we obtain







l (Yl – )
(Yl – )
+ (Yl – Yl
′ )
(Yl – )
+ Yl(Yl – Yl
′ )(Yl′ – )
(Yl – )
> .
. L+ = ∅. In this case, we have X = min≤j≤m{Yj} and
Yl′ ≤ Yl ≤  ⇒ PYl (Yl′ ) = Y l′ ( – Yl′ ) + (Yl – Yl′ ) + (Yl – Yl′ )Yl′ ( – Yl) > .
. L– = ∅ and L+ = ∅. We distinguish the following cases:
(i) l ∈ L+ (Yl > )
(a) If X = +| Yl′ –|
with l′ ∈ L– (Yl′ < ) and l = l′, then we have X = Yl′ and

Yl′
+ Yl ≥  with Yl′ <  < Yl and we obtain
PYl (Yl′ ) = Y l′ ( – Yl′ ) + (Yl – Yl′ )(Yl + Yl′ – Yl′Yl) > .
(b) If X = +| Yl′ –|
with l′ ∈ L+ (Yl′ > ) and l = l′, then we have X = Yl′Yl′– , which
corresponds to the case L– = ∅.
(ii) l ∈ L– (Yl < )
(a) If X = +| Yl′ –|
with l′ ∈ L– (Yl′ < ) and l = l′. This case is reduced to the case
L+ = ∅.
(b) If X = +| Yl′ –|
with l′ ∈ L+ (Yl′ > ) and l = l′, then we obtain X = Yl′Yl′– ,

Yl′






Y l′ (Yl′ – )
(Yl′ – )
+ (Yl
′ – Yl)(YlYl′ – Yl′ – Yl)
(Yl′ – )
> .
So (.) is satisﬁed for the choice (.).
For the second case (i > p), we are going to prove that




satisﬁes (.). We have the following cases:
Ramoul Boundary Value Problems 2014, 2014:195 Page 7 of 19
http://www.boundaryvalueproblems.com/content/2014/1/195
. L– = ∅. In this case, we have X = max≤j≤m{Yj}. Then, for l, l′ ∈ {, . . .m}, we obtain
Yl ≥ Yl′ ≥ ⇒ PYl′ (Yl) = Y l ( – Yl) + (Yl – Yl′ ) + (Yl – Yl′ )Yl(Yl′ – ) > .
. L+ = ∅. In this case, we have X =  – min≤j≤m{Yj}, and
Yl′ ≤ Yl ≤ 
⇒ PYl ( – Yl′ ) = ( – Yl′ )
(
Y l′ + (Yl – Yl′ )
)
+ (Yl – Yl′ )
+ (Yl – Yl′ )( – Yl)( – Yl′ ) > .
. L– = ∅ and L+ = ∅. We distinguish the following cases:
(i) l ∈ L+ (Yl > )
(a) If X =  + |Yl′ – | with l′ ∈ L– (Yl′ < ) and l = l′, then we have X =  – Yl′ and
Yl′ + Yl ≤  with Yl′ < Yl < , thus
PYl (–Yl′ ) = (–Yl′ )Y l′ +(Yl –Yl′ )(–Yl′ –Yl)(–Yl′ )+(Yl –Yl′ )(Yl′ –) > .
(b) If X =  + |Yl′ – | with l′ ∈ L+ (Yl′ > ) and l = l′, we obtain X = Yl′ . This case
is reduced to the case L– = ∅.
(ii) l ∈ L– (Yl < )
(a) If X =  + |Yl′ – | with l′ ∈ L– (Yl′ < ) and l = l′. This case is reduced to the
case L+ = ∅.
(b) If X =  + |Yl′ – | with l′ ∈ L+ (Yl′ > ) and l = l′, we have X = Yl′ , Yl′ + Yl ≥ 
with Yl′ >  > Yl , and
PYl (Yl′ ) = ( – Yl′ )
(
Y l′ – Yl′ + Yl
)
+ (Yl′ – )(Yl′ – Yl)(Yl′ + Yl – ) > .
(We have used Yl + Yl′ ≥ ⇒ Yl′ – ≥  – Yl ≥ ⇒ (Yl′ – ) ≥ ( – Yl) ⇒
Y l′ – Yl′ ≥ Y l – Yl ⇒ Y l′ – Yl′ + Yl ≥ Y l ≥ .)
Then (.) is satisﬁed for the choice (.) and the proof of the lemma is achieved. 
Remark . The casem =  corresponds to the choice made in [].
We now deﬁne the function β = β˜ + K with β˜ chosen as in the previous lemma and
K = r‖β˜‖∞, r > . For λ >  and t ∈ (,T), we deﬁne the following weight functions:
ϕ(x, t) = e
λβ(x)
t(T – t) , η(x, t) =
eλβ – eλβ(x)
t(T – t) (.)




q ∈ C(Q);q|Qi ∈ C(Qi), i = , . . . ,n – ,
q| =  and q satisﬁes (TC) for all t ∈ (,T)
}
,
where Qi =i × (,T).
We set ψ = e–sηq, and let us introduce, for ﬁxed l ∈ {, . . . ,m}, the following operators:
M(l) ψ = –∂x(kl∂xψ) – sλϕ
(
β ′
)klψ + s(∂tη)ψ ,
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By applying the scalar Carleman proved in [, Eq. (.)] for the operator ∂t – ∂x(kl∂x) and
q = yl , we obtain the following theorem.
Theorem . Let ﬁxed l ∈ {, . . . ,m}. We assume that the diﬀusion coeﬃcient kl is
piecewise-C() and Assumption . is satisﬁed.Then there exist λ = λ(,ω,‖kl‖L∞ )≥ ,
s = s(λ,T) >  and a positive constant C = C(,ω,‖kl‖L∞ ) such that, for any λ ≥ λ































for yl ∈ .
Remark . Carleman estimate (.) remains the same if we consider the operator ∂t +
∂x(kl∂x) instead of ∂t – ∂x(kl∂x).
From the above theorem, we have the following result (see [, ]).
Proposition . Let ﬁxed l ∈ {, . . . ,m}. We assume that the diﬀusion coeﬃcient kl is
piecewise-C() and Assumption . is satisﬁed.Then there exist λ = λ(,ω,‖kl‖L∞ )≥ ,
s = s(λ,T) >  and a positive constant C = C(,ω,‖kl‖L∞ ) such that, for any λ ≥ λ




























for yl ∈ .
We consider the following functional:










e–sηϕ|∂xyl| dxdt + sλ
∫ ∫
Q
e–sηϕ|yl| dxdt, l = , . . . ,m.
Using the previous proposition, we have the following theorem.
Theorem . Let j,k = , . . . ,m and M = ∑mk= max≤j≤m ‖ajk‖∞ with ajk ∈ L∞(Q). We
assume that the diﬀusion coeﬃcients kj are piecewise-C() and satisfy Assumption ..
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Then there exist λ = λ(,ω,‖kj‖L∞ ) ≥ , s = s(λ,T ,M) >  and a positive constant


















for any solution y = (yj)≤j≤m of (.).
Proof Observing that there existsC = C(,ω) such that ≤ C T ϕ, by adding estimates
(.) for l = , . . . ,m, we obtain
m∑
j=
































the last term on the right-hand side of (.) can be ‘absorbed’ by the terms in
∑m
j= I(kj, yj).
This concludes the proof. 
Remark .
. Carleman estimate (.) remains valid if we consider the boundary observation
γ = {} (respectively γ = {}) instead of the interior observation ω. The result is obtained
through a modiﬁed form of Lemma ., namely:
Modiﬁed Lemma . There exists a function β˜ ∈ C() such that
β˜|i ∈ C(i), i = , . . . ,n – ,
β˜ >  in , β˜() =  (respectively β˜() = ),
β˜ ′|[ap ,ap+] ≤ ϑ <  (respectively β˜ ′|[ap ,ap+] ≥ ϑ > )





) ≥ α‖u‖, i = , . . . ,n – ,
with u = (u,u)t , u,u ∈R and the matrices Ai(kl) are deﬁned by
Ai(kl) =
(
[β˜ ′]ai β˜ ′(a+i )[klβ˜ ′]ai




, i = , . . . ,n – .
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. By inspecting the proof of Theorem . (see [, Remark .()]), we observe that we
can obtain the same Carleman estimate (.) which incorporates estimates of the traces
of yj and ∂xyj, j = , . . . ,m.
3 Global Carleman estimate with ‘m observations’ in the case of BV diffusion
coefﬁcients
In this section, we generalize the Carleman estimate given in [] to a parabolic system us-
ing the results obtained in the previous section.We show that we can prove the global Car-
leman estimate in the case of bounded variations (BV ) diﬀusion coeﬃcients for a system
of m coupled parabolic equations with an interior observation region ω × (,T), where
ω is a non-empty open subset of . We follow the method developed in [] and many
notations and arguments of the previous paper will be reproduced here.
We consider system (.) with diﬀusion coeﬃcients kj assumed here to be of BV such
that kj are of class C on ω and satisfy Assumption ..
Our goal is to construct a limit weight function β (the same for each equation) using
the approach of BV diﬀusion coeﬃcients by piecewise-constant coeﬃcients. This process
allows us to derive a Carleman estimate for the operator ∂t +A.
Let ω  ω  . Without any loss of generality, we suppose that ω = (x,x) with  <
x < x < . We denote the total variations of kj on [,x] and [x, ] by Vj = V
x
 (kj) and
Vj = V x (kj).
Let ε > . There exist functions kj,ε > , piecewise-constant on (,x)∪(x, ) and smooth
on ω, such that for any j = , . . . ,m (see []),
‖kj – kj,ε‖L∞() ≤ ε, Vx (kj,ε)≤ Vj,
V x (kj,ε)≤ V
j
 and ‖kj – kj,ε‖C(ω) ≤ ε.
(.)







In the case where we are on the left-hand side of ω (i ≤ p), we consider the following
choice (see the proof of Lemma .):
Xεi =

 + max≤j≤m{| Y εi,j – |}
.






, x /∈ {a, . . . ,an} (.)





and Xεi < , ≤ i≤ n.
In a similar manner, we consider the points ai (n +  ≤ i ≤ n + ) in the interval [x, ]
such that (ai,kj,ε) ∈ 
.
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Then, in the case of the right-hand side of ω (i > p), we choose
Xεi =  + max≤j≤m
{∣∣Y εi,j – 
∣∣}.




Xεl , x /∈ {an+, . . . ,an+} (.)





and Xεi > , n + ≤ i≤ n + .















β˜,ε(x) in [x, ],
(.)
and we design β˜ε to be of class C on ω.
It is easy to see that β˜ε satisﬁes the conditions listed in Lemma .. Then Carleman
estimate (.) remains valid for the operators ∂t–∂x(kj,ε∂x), j = , . . . ,m, with the associated
weight functions ϕε , ηε . Hence, we introduce
βε = β˜ε +Kε (.)
with Kε = r‖β˜ε‖∞, r > . For λ >  and t ∈ (,T), we deﬁne the following weight functions:
ϕε(x, t) =
eλβε (x)
t(T – t) , ηε(x, t) =
eλβε – eλβε (x)
t(T – t)
with βε = r‖β˜ε‖∞.
In this section, we want to pass to the limit in Carleman estimate (.). We ﬁrst need
to control the behavior of the derivative of βε as ε goes to zero. This is the object of the
following lemma.
Lemma . (see [, Lemma .]) Let j = , . . . ,m.We assume that the diﬀusion coeﬃcients
kj ∈ BV () and Assumption . is satisﬁed, then there exist ε > , K = K(kj,min, ε) > 
and K = K(kj,min, ε) >  such that, for all  < ε ≤ ε ≤ min≤j≤m(kj,min), Vx (ε) ≤
Kε() and V x (
ε
)≤ K|ε()|.
Using Helly’s theorem (see []), the function ε (respectively ε ) converges every-
where to the function  (respectively ) as ε goes to . Since the function ε (respec-
tively ε ) is bounded in L∞(,x) (respectively in L∞(x, )) uniformly with respect to
ε, we deduce, by applying the dominated convergence theorem and Lemma ., that the












β˜(x) in [x, ],
(.)
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and β˜ , β˜ε are of a class C on ω and satisfy the following properties:
. β˜ε converges everywhere to β˜ in C().
. β˜ε|ω converges to β˜|ω in C(ω).
. |β˜ ′ε(x)| ≥ min(β˜ ′(), |β˜ ′()|) and |β˜ ′(x)| ≥ min(β˜ ′(), |β˜ ′()|).
Hence, we introduce
β = β˜ +K (.)
with K = r‖β˜‖∞, r > . For λ >  and t ∈ (,T), we deﬁne the following weight functions:
ϕ(x, t) = e
λβ(x)
t(T – t) , η(x, t) =
eλβ – eλβ(x)
t(T – t)
with β = r‖β˜‖∞.
From the above arguments, we obtain the following lemma.
Lemma . (see [, Lemma .]) Let j = , . . . ,m.We assume that kj in BV () is of class C
in ω and satisﬁes Assumption .. Let kj,ε be piecewise-constant on  \ ω and smooth on ω
such that (.) is satisﬁed. Then there exists a function β˜ε that satisﬁes the properties listed
in Lemma . for the associated coeﬃcients kj,ε . Furthermore, β˜ and β˜ε are of class C on
ω and satisfy the above properties (, , ).
Remark . The results obtained in Lemma . imply that the constants βε and Kε can
now be chosen uniformly with respect to ε.
Under the same assumptions as in Lemma . and the properties of β˜ and β˜ε deﬁned as
above, we obtain the following proposition.
Proposition . (see [, Proposition .]) Let ﬁxed l ∈ {, . . . ,m}. Then the constant C
on the right-hand side of Carleman estimate (.) for the operator ∂t – ∂x(kl,ε∂x) and the
constants s and λ can be chosen uniformly with respect to ε for  < ε ≤ ε ≤ kl,min.
The proof of Proposition (.) is established through the following lemmata.
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Lemma . Let ﬁxed l ∈ {, . . . ,m}. Let σ > . There exists Cσ >  uniform with respect to
ε ≤ ε ≤ kl,min such that
|I| + |I| + |I| ≤ Cσ
(












































































Remark . The proofs of Lemmata . and . can be easily adapted from the proofs of
Lemmata [, Lemma .] and [, Lemma .].
Following [], we are going now pass to the limit for each term in Carleman estimate
(.) that holds for the operator ∂t – ∂x(kj,ε∂x) as ‖kj,ε – kj‖L∞ goes to zero.
We recall the weight functions
ϕ(x, t) = e
λβ(x)
t(T – t) , η(x, t) =
eλβ – eλβ(x)
t(T – t) ,
where β is the function deﬁned by (.).
Initially, we consider fj ∈ C([,T];L()) with fj() ∈ H() and y,j, y,j,ε ∈ H(). Let




∂ty +Ay = Ly + F in Q,
y(x, t) =  on ,
y(x, ) = y(x) in ,
(.)




∂tyε +Aεyε = Lyε + F in Q,
yε(x, t) =  on ,
yε(x, ) = y,ε(x) in ,
(.)







A,ε  · · · 
 A,ε
...
... . . . 





with Aj,ε = –∂x(kj,ε∂x) in L(), yε = (yj,ε)≤j≤m, y,ε = (y,j,ε)≤j≤m.




‖y,j – y,j,ε‖H() ≤ C
m∑
j=
‖kj,ε – kj‖∞‖μj‖L(). (.)
Lemma . Let t ∈ [,T]. We assume that the diﬀusion coeﬃcients kj satisfy Assump-




[∥∥yj(·, t) – yj,ε(·, t)
∥∥











[∥∥∂tyj(·, t) – ∂tyj,ε(·, t)
∥∥
L() +











L() + ‖∂t fj‖L(Q)
)
.
Proof Following the same steps given in the proof of Lemma . in [], we obtain the















ajρ(yρ – yρ,ε)φj + (kj,ε – kj)∂xyj∂xφj dx
]
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L() + (kj,min – σ )‖∂xyj – ∂xyj,ε‖L(Q)
]
≤ (Cσ + T)
m∑
j=





‖y,j – y,j,ε‖L(). (.)


















e–sηεϕε |yj – yj,ε||yj + yj,ε|dxdt. (.)
We recall that βε converges everywhere to β implies that e–sηε and ϕε converge every-
where to e–sη and ϕ. Then, using Lemma ., the Cauchy-Schwarz inequality and dom-
inated convergence, the left-hand side of (.) converges to zero as ε goes as zero. We
obtain the same result for the remaining terms in Carleman estimate (.).
In conclusion, using density arguments, we obtain the following theorem.
Theorem . Let j,k = , . . . ,m and M =∑mk= max≤j≤m ‖ajk‖∞ with ajk ∈ L∞(Q).We as-
sume that the diﬀusion coeﬃcients kj are in BV () such that kj are of class C in ω and
satisfy Assumption .. Then there exist λ = λ(,ω,‖kj‖L∞ )≥ , s = s(λ,T ,M) >  and



















for any solution yj of (.).
Remark . Carleman estimate (.) remains valid if we consider the boundary observa-
tion γ = {} (respectively γ = {}) instead of the interior observation ω (see Remark .).
However, in this case, the assumption which corresponds to the fact that the coeﬃcients
kj are of class C in ω is not needed to obtain (.).
4 Comments and applications
Wewill ﬁnalize this paper with some remarks and by establishing some additional results.
. In the case of piecewise-C diﬀusion coeﬃcients, many choices can be considered





j= | Yi,j – |
(.)
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in the case (i≤ p) and
Xi =  +
m∑
j=
|Yi,j – | (.)
in the case (i > p).
For the above choices, the situation Yi,l = Yi,l′ =  for l = l′ and ﬁxed i ∈ {, . . . ,n – }
becomes possible, and thus we can also obtain a global Carleman estimate in the case of
smooth coeﬃcients kj (i.e., kj ∈ C()) that holds for all yj ∈ C(Q).
. Choices (.) and (.) are taken in an optimal way in order to control the behavior of
the function βε (see Lemma (.)). For example, choices (.) and (.) are not appropriate
in the case of BV diﬀusion coeﬃcients.
. Using the results (Carleman estimate) obtained in the previous section, we deduce an
observability inequality which yields null controllability. The proofs of such results can be
adapted from the techniques used in [] (also see the references therein). Consequently,
we only highlight the main points.




∂ty +Ay = Ly +Vχω in Q,
y(x, ) = y(x) in ,
(.)
where χω is the characteristic function of the non-empty set ω. The diﬀusion coeﬃcients
kj (j = , . . . ,m) are assumed to be BV such that kj are of class C in ω and satisfy As-
sumption .. We also assume that ajk ∈ L∞(Q),  ≤ j, k ≤ m, y ∈ H ,  ≤ j ≤ m, and
the controls vj ∈ L(Q). We have also y(·, t) = (yj(·, t))≤j≤m ∈ D(A) for all t ∈ (,T) and
V = (vj)≤j≤m ∈ (L(Q))m.
In order to obtain an observability inequality for system (.), we will consider the so-




–∂tw +Aw = Lw in Q,
w(x, t) =  on ,
w(x,T) = wT (x) in ,
(.)
where w = (wj)≤j≤m and wT = (wT ,j)≤j≤m.
Recall M =
∑m
k= max≤j≤m ‖ajk‖∞. Then, using Carleman estimate (.) with fj = 
(j = , . . . ,m) and classical tools of controllability (see []), we obtain the following ob-

















 ) and C a positive constant.
We then obtain the following result.
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Theorem . The observability inequality (.) yields the null controllability result for
system (.). Namely, for every y ∈H , ∃vj ∈ L(Q) such the solution y of (.) satisﬁes
yj(·,T) =  in , ∀j : ≤ j≤m.
. We give now some results about the Carleman estimate with one observation for
a particular coupled parabolic system. Firstly, we consider the case of a  ×  coupled
parabolic system. It is about obtaining the Carleman estimate with one observation for
system (.) in the casem =  (noted (.) (m = )).
Let kj (j = , ) be BV diﬀusion coeﬃcients. Recalling that, as in the previous section,
ω  ω  (ap,ap+) and the weight functions
ϕ(x, t) = e
λβ(x)
t(T – t) , η(x, t) =
eλβ – eλβ(x)
t(T – t) ,
where β is the function deﬁned through Lemma ..
Let us consider the following assumption.
Assumption . There exists a constant b >  such that
a ≥ b in ω × (,T).
Let τ ∈R and we note














e–sη(sϕ)τ+|yl| dxdt, l = , .
Using the results obtained in the previous section and proceeding as in [], we obtain
the following shifted Carleman estimate.
Theorem . (see [, Theorem .]) Let j,k = , . Let us suppose that ajk ∈ L∞(Q). Let
Mjk = ‖ajk‖∞.We assume that the diﬀusion coeﬃcients k,k ∈ BV () such that k, k are
of class C in ω and satisfy Assumption .. Furthermore, we assume that Assumption .
is satisﬁed. Then there exist λ = λ(,ω,‖kj‖L∞ )≥ , s = s(λ,T ,Mjk) >  and a positive
constant C = C(,ω,b,Mjk ,‖kj‖L∞ ,T) such that, for any λ ≥ λ and any s≥ s and  > 
ﬁxed, the following inequality holds:


















for any solution (y, y) of (.) (m = ).
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We also give an observability inequality for a × parabolic system by one control force







By applying Carleman estimate (.) with f = , f = , we obtain the following observ-











with C = C(T ,M) >  andM =
∑
k= max≤j≤ ‖ajk‖∞.






a a a · · · am
a a a · · · am
 a a a · · · am
...
... . . . . . .
...






and V =Dv, where D = e = (, , . . . , )t .
The Carleman estimate obtained in paper [] can be easily generalized in the case of
BV diﬀusion coeﬃcients by using similar arguments to those in the preceding sections.
Assumption . There exists a constant d >  such that
|akk–| ≥ d in ω × (,T), k = , . . . ,m.
We noteM = max≤j≤m ‖akk–‖∞. Then, under Assumption ., we also obtain the fol-











with C a positive constant, depending on , ω, d,M, T and ‖ajk‖∞.
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